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Abstract. In this paper we show that every g- frame for an 
infinite dimensional Hilbert space T-L can be written as a sum of 
three g-orthonormal bases for %. Also, we prove that every g-frame 
can be represented as a linear combination of two g-orthonormal 
bases if and only if it is a g-Riesz basis. Further, we show each g- 
Bessel multiplier is a Bessel multiplier and investigate the inversion 
of g-frame multipliers. Finally, we introduce the concept of con- 
trolled g-frames and weighted g-frames and show that the sequence 
induced by each controlled g-frame (resp. weighted g-frame) is a 
controlled frame (resp. weighted frame). 

1. Introduction 

Frames for a separable Hilbert space were first introduced in 1952 by 
Duffin and Schaeffer [IT]. In [Hj, a generalization of the frame concept 
was introduced. Sun introduced g-frames and g-Riesz bases in a com- 
plex Hilbert space and discussed some properties of them. G-frames 
and g-Riesz bases in complex Hilbert spaces have some properties simi- 
lar to those of frames, Riesz bases, but not all the properties are similar 
(see [II]). In this paper we generalize some results in [3 El [7], from 
frame theory to g-frames. 

Throughout this paper, H and /C are separable Hilbert spaces and 
{Hi}iej C /C is a sequence of separable Hilbert spaces, where J is a 
subset of Z, C(H,T-Li) is the collection of all bounded linear opera- 
tors from H to For each sequence {7^j} ie j, we define the space 
(0,. by 



(0%)z a = {{/i}i e j:/iefti, leJand £ < oo}. 
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With the inner product defined by 

({fi},{9i}) = ^2(fi,9i), 

ieJ 

it is clear that (©j e j"Hi)i 2 is a Hilbert space. 

A frame for a complex Hilbert space % is a family of vectors {fi}ie,j 
so that there are two positive constants A and B satisfying 

^ll/ll 2 <EK/'^)l 2 ^ 5 il/ll 2 '/ e ^ 

ieJ 

The constants A and B are called lower and upper frame bounds. The 
frame possesses many nice properties which makes it very useful in 
wavelet analysis, irregular sampling theory, signal processing and many 
other fields. We infer to [H [21 El El HOI H21 US] ■ 

The notion of frames has been generalized to g-frames by W. Sun (|14j) 
in the following way: 

A sequence {Aj}j g j is called a generalized frame, or simply a g-frame, 
for "H with respect to {"Hj} ig j if there exist two positive constants A 
and B such that, for all / G H, 

A\\f\\ 2 <J2\\^f\\ 2 ^ B \\f\\ 2 - 

ieJ 

The constants A and B are called the lower and upper g-frame bounds, 
respectively. The supremum of all such A and the infimum of all such 
B are called the optimal bounds. If A — B we call this g-frame a 
tight g-frame and if A — B — 1 it is called a normalized tight g-frame. 
We say simply a g-frame for %, and denote by {Aj}j eJ , whenever the 
space sequence Hi and the index set J are clear. If we only have the 
upper bound, we call {Aj}j g j a g-Bessel sequence with bound B. We 
say that {Ai} i£ j is g-complete, if f] ieJ {f '■ Aif = 0} = {0} and is called 
g-orthonormal basis for "H, if 

(A*^,A^) = Sijig^gj), i,j 6 J, g { e Hi, gj E Hj, 

and 

We say that {Aj} ig j is a g-Riesz basis for %, if it is g-complete and 
there exist constants < A < B < oo, such that for any finite subset 
/ C J and gi G Hi, i E I, 

^E^ii 2 ^iiE a ^ii 2 ^ 5 E^ii 2 - 

i£l i£l iel 
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In [H], for the g-frame {Aj}j g j, the g-frame operator S is defined by 

which is a bounded, self-adjoint, positive and invertible operator and 

A < \\S\\ < B. 

The canonical dual g-frame for {Aj} ig j is defined by {Aj} ig j, where 
Aj = AiS^ 1 , which is also a g-frame for H with and 4 as its lower 
and upper g-frame bounds, respectively. Also every / G H has an 
expansion 

/ = ^S- 1 A^/ = ^A^- 1 /. 

Let {Aj} ig j be a sequence in {e^k '■ k G Ki} be an or- 

thonormal basis for "Hj, i G J where l£j is a subset of Z and let ^ ^ = 
A*e iifc . We have A { f = ^2 keKi (f,^i,k)ei,k- We call :ieJ,ke K { } 
the sequence induced by {Aj} ie j with respect to {e^ : fc G 1^}. 

In order to present the main results of this paper, we need the follow- 
ing Theorem that describe the relationship between frame (resp. Bessel 
sequence, tight frame, Riesz basis, orthonormal basis) and g-frame 
(resp. g-Bessel sequence, tight g-frame, g-Riesz basis, g-orthonormal 
basis), which can be found in [14] . 

Theorem 1.1. Let Aj G and if)^ be defined as above. Then 

we have the fallowings: 

i) {Aj} ig j is a g-frame (resp. g-Bessel sequence, tight g-frame, g- 
Riesz basis, g-orthonormal basis) forH if and only if {4>i tk '■ i G 
J,k£ Ki} is a frame (resp. Bessel sequence, tight frame, Riesz 
basis, orthonormal basis ) for %. 

ii) The g-frame operator for {Aj} ig j coincides with the frame op- 
erator for {ipi^k '■ i G J,k G Ki}. 

iii) Moreover, {Ai} ieJ and {Aj} ig j are a pair of (canonical) dual g- 
frames if and only if the induced sequences are a pair of ( canon- 
ical) dual frames. 

We call {ipi t k : i <E J, k £ Ki} the sequence induced by {Aj} ig j with 
respect to {e^ : k G Ki}. If {e\ k : i G J, k G K{} is an orthonormal ba- 
sis for % and <3>if = J2keKi(fi e 'i,k) e i,k, tnen {©i}ieJ is a g-orthonormal 
basis for %. 
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Given two Bessel sequences, \I/ = {jpi) and $ = (</>«), and the weight 
sequence m = (m^), the Bessel multiplier for these sequences is an 
operator defined by 

Mm,*,*/ = y]mj(f, ^i)4>i- 

We shorten the notation by setting M m ,# = M m ,^ ^ (see [3]). Bessel 
multipliers and, in particular, frame multipliers have useful applica- 
tions. For example, in jl], frame multipliers are used to solve approxi- 
mation problems. 

The concept of Bessel multipliers can be generalized to g-Bessel as 
follows: For given g-Bessel sequences A = {Ai} ie j and 6 = {Oi}t £ j, 
and the weight sequence m = (rrii), the g-Bessel multiplier is defined 
by 

ieJ 

We shorten the notation by setting M m A = M m A,A- (see [IB]) 

A sequence (m ; : i G J) is called semi-normalized if there are bounds 
b > a > 0, such that a < \rrii\ < b for all i G J. 

We define GL{%) as the set of all bounded linear operators with a 
bounded inverse. A frame controlled by an operator C G GL(7i) is 
a family of vectors ^ = (ipi G % : i G J), such that there exist two 
constants m CL > and M C l < oo satisfying 

mcL||/|| 2 <^(/,^)(C^,/) <M CL \\f\\\f eH. 

We call 

the controlled frame operator.(see [6]) 

We also generalize this concept to g-frames. A g-frame controlled by 
the operator C G GL(T-L) or C-controlled g-frame is a family of oper- 
ators A = {Aj} ig j, such that there exist two constants m C L > and 
M C l < oo satisfying 

m CL \\ff < Y,( A *C*f,AJ) < M CL \\f\\\ 
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The paper is organized as follows. In Section 2 we show that every 
g-frame for an infinite dimensional Hilbert space H can be written as a 
sum of three g-orthonormal bases for %. We next show that a g-frame 
can be represented as a linear combination of two g-orthonormal bases 
if and only if it is a g-Riesz basis. We further show that every g-frame 
can be written as a sum of two tight g-frames with g-frame bounds 
one or a sum of a g-orthonormal basis and a g-Riesz basis for H. In 
Section 3 we show each g-Bessel multiplier is a Bessel multiplier and 
investigate the inversion of g-frame multipliers. Also sufficient condi- 
tions for invertibility of multipliers are determined. In Section 4 we 
introduce controlled g-frames and show that the sequence induced by 
each controlled g-frame is a controlled frame and controlled g-frames 
are equivalent to standard g-frames. Finally, in the last section, we in- 
vestigate the concept of weighted g-frames, and show that the sequence 
induced by each weighted g-frame is a weighted frame. 

2. Some g-frame Representations 

In [7J, the author has shown, using operator theory, that every frame 
in a Hilbert space % can be written as the sum of three orthonormal 
bases. More precisely, if (xi)jgj is a frame for H, then there exist 
orthonormal bases (fi), (gi) and (hi) such that Xi = a(fi+gi+hi),i G J, 
for some constant a. Furthermore, the author provided an example of a 
tight frame that cannot be written in the form = a fi+bgi, i G 

J, for any orthonormal sequences (fi), (gi) and any choice of constants 
a and b. The author also proved related results, in particular the 
following one: a frame in "H can be written as a linear combination of 
two orthonormal bases if and only if it is a Riesz basis. In this section 
we generalize some of these results from the frame case to the g-frame 
case. 

Proposition 2.1. //{Aj}j e j is a g-frame for a Hilbert space T-L, there 
are g-orthonormal bases {Tj}, {Tj}, {^i} for % and a constant a so 
that A; = a(Tj + r, + ^) for all i G J. 

Proof. Let {if>i t k} the sequence induced by {Aj} ig j with respect to an 
orthonormal basis {e^ : k G K^\. 

Hence AJ = Zlfe G ^(/^i,fc) e i,fc 5 and s ° 5 by Corollary 2.2 of [7J, there 
are constant a and orthonormal bases {fi,k},{9i,k},{hi t k} such that 
ipi,k = a(f i>k + gi,k + hi >k ). Since {f itk }, {gi,k}, {h itk } are orthonormal 
bases for "H, by Theorem 11.1] Tj, Tj, are g-orthonormal bases, 
where T</ = J2 k eKi(fJi,k) e i,k, ^if = EkeJfiCft 9i,k}ei, k , and = 
^keK-ifi hi,k) e i,k- The proof is complete by noting that Aj = a(T, + 
Ti + ii) for all ie J. □ 
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Proposition 2.2. A g-frame {Aj}j g j can be written as a linear com- 
bination of two g-orthonormal bases for 7i if and only if {A.;} ie j is a 
g-Riesz basis for %. 

Proof. Let {ipi,k} be the sequence induced by {Aj} ie j with respect to 
an orthonormal basis {e^ : k G if*}. 

Then Aj/ = ^2 keK .(f,ipi,k)^i,k- Suppose that there are g-orthonormal 
bases {Tj}, {Tj} for % and constants a, b such that Aj = aYj+fcTj for all 
i G J. So, by Theorem ll.lt there are orthonormal bases {fi lk }, {9i,k} for 
H such that Tif = J2 keKi {fJi,k}ei, k} T t f = J2 keKi {f, 9i,k}ei, k . There- 
fore ipi,k = a fi,k + °9i ! k, and Proposition 2.5 of [7] implies that {^i.fc} is 
a Riesz basis. So {Aj} ig j is a g-Riesz basis for % by Theorem ll.il Con- 
versely, if {Aj} ieJ is a g-Riesz basis, we have Aj/ = ^keKiif^hk}^, 
where {V^fc} is a Riesz basis. So by Proposition 2.5 of [7J, for some con- 
stants a, b, and orthonormal bases {fi tk } and {g^k}, V^fc — a fi,k + bg^k- 
Hence Aj = aYj + fcTj, where Tj and Tj are g-orthonormal bases and 
Ti/ = J2keKi(f> fi,k) e i,k, ?if = Y2keKi(f>9i,k)ei,k- □ 

Proposition 2.3. If K is a co-isometry on %, and if {Oj} ig j zs a 
g-orthonormal basis for %, then {Ojif* : i £ J} is a normalized tight 
g-frame for %. 

Proof. Since if is a co-isometry, if* is an isometry. Hence, for all 
/ G H. 

X)IIQi^*/ll a = ll^*/ll 2 = ll/ll a - 

iGJ 

□ 

By the same argument as above, we obtain the following results. 

Proposition 2.4. Every g-frame is the sum of two normalized tight 
g- frames for 7-L. 

Proposition 2.5. Every g-frame for a Hilbert space H. is the sum of 
a g-orthonormal basis for % and a g-Riesz basis for H. 

3. Invertibility of Multipliers 

In this section we show each g-Bessel multiplier is a Bessel multiplier 
and investigate the inversion of g-frame multipliers. Also sufficient 
conditions for invertibility of multipliers are determined. Equivalent 
results as proved in [3] for Bessel multiplier can be shown for g-Bessel 
multiplier. We prove some of them, the proof of the others follows in 
the same manner. 

The following proposition gives the connection between the g-Bessel 
sequences and Bessel sequences. 
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Proposition 3.1. Each g-Bessel multiplier is a Bessel multiplier. 
Furthermore, if m G £°° and A = {Ai} ieJ , 9 = {9j} ie j are g-Bessel 
sequences for 7i with bounds B@, respectively, then the multiplier 
^m,A,e is well defined on H and ||M TO> A,e|| < V'-Sa-BgII^Hoo- 

Proof. Let A = {Aj} ie j and 6 = {9j} ig j be g-Bessel sequences with 
induced sequences {V'i.fe} and {<fii,k}, respectively. Then 

ML.A.e/ = ^m^i^if = ^2 m i(f^i,k)^i,k = Mm',*,*, 

where \I/ = {ipi t k '■ i & J,k & Ki},$ = {(j)^ : i €. J,k E K{\ and 
m! = {m' i k = nii : i <E J, k E Ki}. 

For the proof of the second part, since the bounds of {ipi,k} and {(fi,k\ 
are B\ and B®, respectively, the assertion follows by the first part and 
Theorem 6.1 of [3]. □ 

Theorem 3.2. Let M mj A,e be well defined and invertible on 7i. 

i) If Q — {Qi}iej (resp. A = {Aj}.j 6 j is a g-Bessel sequence for 

7i with bound B®, then mA = {mjAj}j e j (resp. mQ) satisfies 

the lower q- frame condition for 7i with bound - lllir Li — nr- 

B e||M miAie || 2 

ii) If® (resp. A) and mA (resp. mQ) are g-Bessel sequences for 
7i, then they are g-frames for 7i. 

iii) If Q (resp. A) is a g-Bessel sequence for TL and m G £°° , then 
A (resp. Q) satisfies the lower g-frame condition for %. 

iv) If 9 and A are g-Bessel sequences for 7i and m G t°° , then 9 
and A are g-frames for 7-L; mA and mQ are also g-frames for 
7-L. 

Proof, (i) Since 9 = {9j}j £ j is a g-Bessel sequence, by Theorem 
O and EIH Qif = J2keK t (/> <f>i,k)ei,k, where {4>i,k} is a Bessel se- 
quence for 7i with bound B®, and M m) A,e = Mm',*,*, where Aj/ = 
YjkeKi(f^i^)e-i,k, * = {A,k :ieJ,ke K { }, $ = {<fr i:k :ieJ,keKi} 
and ml = {m^ k = m^ : % G J, k G Also we have 

J]||m,AJ|| 2 = ^^|(/,m^ fc )| 2 . 

By Proposition 4.3 of [5], m'\l/ satisfies the lower frame condition for 
7-L with bound - rr--A — ^ = - ;— ^ — 

(ii) and (iii) follow from (i). 

(iv) Let 9 and A be g-Bessel sequences for 7i and m G £°°. Then 
mA and m6 are also g-Bessel for 7-L. □ 
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In the following proposition we give a sufficient condition for invert- 
ibility of g- multipliers. 

Proposition 3.3. Let A = {Aj}j g j be a g-frame for ~H, G : % — > H be 

a bounded bijective operator and 0j = AiG, Vi G J. Let m be positive 
(resp. negative) semi-normalized. Then is a g-frame for H and the 
g-frame multiplier M TO) A,e invertible on % with 
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G l S(j m r A .y when rrii > 0,Vi, 
m,A,e = ) -G^S' 1 , — , when rrii < 0,Wi. 

1 (*/KlAi)' 



Proof. We have AJ = *E, keK .(f,ipi,k)ei,k, where {ip iyk } is a frame for 
H. Since 0j = AiG, 

We know G* is a bounded bijective operator, and hence <f>i tk = G*ipi tk 
is a frame for % (see[8]). So is a g-frame for %. By Proposition 13.11 
M m>Ai © = M m /,$,<p where = : i G J, fc G = : i G 

J,ke K{\ and m' = {m' iA . = rrii '■ i G J,k G If m is positive 

then, by Theorem 11.1] the g-frame operator for { v /miAj}j 6 j coincides 

with the frame operator for {^jm' ri k ipi, k '■ i G J, A; G Therefore 

by Lemma 4.4 of [6], M mi A,e = M^^^ is invertible and equation (1) 
holds. □ 

By the same method that we use to prove Proposition 13.31 one can 
prove the followings. 

Proposition 3.4. Let A = {A.;}j £ j be a g-frame for H and let A d = 

{Af}j g j be a dual g-frame of A. Let < A < -, 1 (< 1) and let 

v //;a 11 v' 

(rrii) be such that 1 — A < < 1 + A, for all % G J. Then M m a A d an d 
M TOi A<i a are invertible on %, 

|| HI < W M m\xM ^ IIHI,^ G ft, (2) 

l + Av-BA-E?A d m ' ' l — Xy/B\B A d 

and the same inequalities hold for HM" 1 ^ A /i|| . Moreover, 

oo oo 

M iv,A« = ^( M m',A,A<O fc «™d M~* Ad A = J2( M ™>A«,A) k > ( 3 ) 
fe=0 fc=0 

where m! = (1 — m,). 
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Corollary 3.5. Let A be a g-frame forH and A be the canonical dual of 
A. Let < A < ^^(< 1) and (mj)j 6 j be such that 1 — A < rrii < 1 + A, 
for all i G J. Then M m A A and M m A A are invertible on H, 

) \\h\\ < \\M~\ ~M < ) \\h\\,Vh e n, 

and £ne same inequalities hold for ||M^^ A /i||. Moreover, 

oo oo 

M ~A,A = B^'Aa)* M ~ A,A = E^W^ 

fc=0 fc=0 

where w! — (1 — mj). 

Proposition 3.6. Lei A be a g-frame for H. Assume that Q — A is a 

A 2 

g-Bessel sequence for % with bound B @ _ A < -g^- -Fo?" even/ positive (or 
negative) semi-normalized sequence m, satisfying 

b A A 
< a < \mA < b,Vi, and - < 



a V Bq-aB a 

it follows that 6 is a g-frame for H, the multipliers M mi A,e and M mi e,A 
are invertible on H, 

< \\M-\, e h\\ < ' 



bB A + b^B A B e - A u " " " w " " aA A - b^B A B e _ A 
and the same inequalities hold for k h\\. Moreover, 

» Er=o[* S uL-A l )(' S (^A,) - ^.e)]*^), if m > 0, Vi, 

7W m,A,e - i - V?° [S~\ (S, a r . , + M mAe )] fc S- 1 / , if mi< 0, Vi, 

fe=0 (\/K|Ai) (VKI A *) m > A > u " (^/KjAi) 7 1 ' ' 



m: 1 , 



EZoI^a^^) - M m , e ,A)] k S^- AiV if rm > 0, V., 

m ,e,\-) -E^n^" 1 / (S t + M meA )] k S-\ , if mi <0,Vi. 



Proposition 3.7. Let A be a g-frame for TL. Assume that 

3fi e [0, such that £ - A,)/|| 2 < fi\\f\\ 2 , V/ G ft. 

Taen m9 zs a g-frame for H, the multipliers M mjAtQ and M mtQjA are 

invertible on H, 

< \\M-\ e h\\ < L—llfcH, V/i G w, 



ana" the same inequalities hold for WM^q A h\\. Moreover, 

oo 

M-\ e = EK^a " M mA ,e)} k S A \ 

k=0 
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and 

oo 

M~% A = J2[S A \S A - M m , @A )] k S A \ 

k=0 

As a consequence, if m is semi-normalized, then is also a g-frame 
forU. 

Proposition 3.8. Let A be a g-frame for H . Assume that there exists 

» e [0, ^) such that £ - Af)f\\ 2 < fi\\f\\ 2 , for all f eU, 

for some dual g-frame A d = (Af) of A. Then m9 is a g-frame for H, 
the bounded multipliers M mi A,e and M m e ,A ar & invertible on T-L, 

T _^ W <||«- e *||< I _^ W ,Vft 6 «, 

and the same inequalities hold for \\M^ e K h\\. Moreover, 

oo oo 

M ^A,e = X>w - M ™A,e) fe and M~] Qh = - M m , , A ) fe . 

k=0 k=0 

As a consequence, if m is semi-normalized, then 6 is also a g-frame 
for T-L . 

4. Controlled g-frames 

In this section we introduce the concept of controlled g-frames and 
we show that the sequence induced by each controlled g-frame is a 
controlled frame. We also show that controlled g-frames are equivalent 
to standard g-frames. 

Definition 4.1. A g-frame controlled by an operator C G GL(H) or 
C-controlled g-frame is a family of vectors A = {Ai} i( zj, such that there 
exist two constants rrici > and Mql < oo satisfying 

m CL \\f\\ 2 < £<A*C*/, Kf) < M CL \\f\\\ 
ieJ 

for all / eH. The controlled g-frame operator is defined by 



Proposition 4.2. The sequence induced by each controlled g-frame is 
a controlled frame. 



G-FRAMES 



11 



Proof. Let A* G £(H,Hi) and A { f = ^ fc6X .(/, 4>i,k)e itk , where {^i,fe : 
i E J,k <E Ki} is the sequence induced by {Aj : i G J} with respect to 
{e i)k : fc G iQ}. Hence AjC*/ = £) fceJr r > Cty»,fc>e*,*- Then 



and 



□ 



Proposition 4.3. Le£ C G GL{Ji) and A = {Aj} ig j fre a C -controlled 
g-frame in H. Then A is a classical g-frame. Furthermore if S is a 
g- frame operator we have SC* = CS and so 

ieJ ieJ 
Proof. Since A = {Aj} ig j is a C-controlled g-frame, by Proposition 
S21 we have AJ = Z^ei^/) ^,fc) e ;,fc) where {^ ijk } is a C-controlled 
frame. By Proposition 3.2 of [6J, {^fc} is a classical frame and so A = 
{Aj}j g j is a classical g-frame. By Theorem the g-frame operator 
for {Ai} ig j coincides with the frame operator for {V'i.jfc : i G J, /c G if^} 
and the proof is complete by using Proposition 14.21 and Proposition 3.2 
of®. □ 

Proposition 4.4. Let C G GL{%) be self-adjoint. The family A is a 
g-frame for % controlled by C if and only if it is a (classical) g-frame 
for H , C is positive and commutes with the g-frame operator S. 

Proof. The assertion follows from Propositions 14. 2\ 14.31 and Proposition 
Proposition 3.3 of [5J. □ 

Corollary 4.5. Let C be a self-adjoint operator and A be a C-controlled 
g-frame. Denote by (m C s, M C s) , (m,M) and (m c ,M c ) any bounds 
for the controlled g-frame operator Sq, the g-frame operator S , and the 
operator C , respectively. Then, 

i) m ' = ?BQ± M' = ^sl. are bounds for S; 

> Mc ' mc J 



u) m c = ; Mq = are bounds for C; 
iii) m' CL = mmc, M' CL = MMq are bounds for Sq- 



5. WEIGHTED G-FRAMES 

In this section we investigate the concept of weighted g- frames, and 
show that the sequence induced by each weighted g-frame is a weighted 
frame. 
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Definition 5.1. Let {Ai} ie j and (wi : i G J) be a sequence of positive 
weights. This pair is called a weighted g-frame or a w-g-frame of % if 
there exist constants m > 0, M < oo such that 

^ii/ii 2 <E^ 2 ii a ^ii 2 ^ m ii/ii 2 '/ g ^ 

Assume now that the restriction on the weights is lifted, i.e., (wi) C C 
Then we call (lOjAj) a weighted g-frame if this sequence forms a g-frame, 
i.e., 

m||/|| 2 <^h i | 2 ||A l /|| 2 <M||/|| 2 ,/GH. 

ieJ 

Proposition 5.2. The sequence induced by each weighted g-frame is a 
weighted frame. 

Proof. If {wiAi} i( zj is a weighted g-frame then, we have WjAj/ = X^e^ (/> Wiifj^ k )e^ k 
and so 

So {w' ik ipi,k '■ i G J, G Ki} is a weighted frame with fc = u>j for 
i e J,k e K { . 

□ 

Proposition 5.3. Let C G GL^H) be self-adjoint and {Aj}i £ j fre a 
controlled g-frame and assume CA* = WiA*. Then the sequence (uii) is 
semi-normalized and positive. Furthermore C = M w A ^. 

Proof. We have = Y.kaK, (/> ^i,fc) e ;,fc and so A*/- = ^ fcgXi (/», e itk )ipi,k 
for all /j G Since CA* = WjA*, it is easy to show that Ci/j iik = 
Witpifi. The conclusions follow from Propositions 13.11 15.21 and Proposi- 
tion 4.2 of ®. □ 

The following Lemma can be proved by the same manner. 

Lemma 5.4. Let (wi : i G J) &e a semi-normalized real sequence with 
bounds a,b. Then if {Aj}j £ j is a g-frame with bounds m and M, then 
{wjAj} ie j is also a g-frame with bounds a 2 m and b 2 M. The sequence 
{w^ l Ai} ie j is a dual g-frame of {w;Ai}i e j. 

Lemma 5.5. Let A = {Ai} ie j be a g-frame and w = (w{ : i G J) be 

a positive semi-normalized sequence. Then the multiplier M w ^ is the 
g-frame operator of the g-frame {y/uTiAi} ie j and therefore it is positive, 
self-adjoint and invertible. 
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Proof. By using Lemma EH is a g-frame and if S is the 

g-frame operator of it then 

Sf = ^(V^Ai)V^V = 5>i\*Ai/ 

and 

Therefore M W) a = 5* is positive, self-adjoint and invertible. □ 

We end this section with the following theorem, which can be proved 
in exactly the same fashion as above. 

Theorem 5.6. Let A = {Aj} ie j be a sequence and w = (wi : % G J) 

be a positive, semi-normalized sequence. Then the following properties 
are equivalent: 

i) A = {Ajjjgj is a g-frame; 

ii) M W) a is positive, self-adjoint and invertible operator; 
iii) There are constants m > 0, M < oo such that 



m\\f\\ 2 <J2^W^f\\ 2 <M\\f\\ 2 , 
for all f e H; 

iv) {y/w~iAi} i( zj is a g-frame; 

v) Mu/ )A is a positive and invertible operator, for any positive, 
semi-normalized sequence w' = {w' i : i G J); 

vi) {iViAi G C{T-L,l-Li) : % G J} is a g-frame. 
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